We study a parameter space A S g for Artin-Schreier curves of genus g over an algebraically closed field k of characteristic p. We study the stratification of A S g by p-rank into strata A S g,s whose k-points are in bijection with Artin-Schreier k-curves of genus g with p-rank exactly s. We enumerate the irreducible components of A S g,s and find their dimensions. As an application, when p = 2, we prove that every component of the moduli space of hyperelliptic k-curves with genus g and 2-rank s has dimension g − 1 + s.
Introduction
Let k be an algebraically closed field of characteristic p > 0. An Artin-Schreier k-curve is a smooth projective connected k-curve Y which is a (Z/p)-cover of the projective line. The Riemann-Hurwitz formula implies that the genus g of Y is of the form g = d(p − 1)/2 for some integer d ≥ 0. The p-rank of Y is the integer s so that the cardinality of Jac(Y )[p](k) is p s . It is well known that 0 ≤ s ≤ g. By the Deuring-Shafarevich formula, s = r(p − 1) for some integer r ≥ 0.
In this paper, we study a configuration space A S g whose k-points are in bijection with Artin-Schreier k-curves of genus g. We study its stratification by p-rank into strata A S g,s whose k-points are in bijection with Artin-Schreier k-curves of genus g with p-rank exactly s. Throughout the paper, we assume g = d(p − 1)/2 and s = r(p − 1) for some d, r ∈ Z ≥0 since A S g,s is empty otherwise. We also assume d ≥ 1 since A S 0,0 consists of one point. We denote by ⌊·⌋ and ⌈·⌉ the floor and ceiling of a real number, respectively. We prove: The proof uses ideas from [8, Chapter 6] , [6] , and [10] . The theorem implies that dim(A S g ) = d − 1. When p ≥ 3, the components of A S g,s can have different dimensions and thus A S g,s is not pure in general.
Let H g,s denote the stratum of H g parametrizing hyperelliptic k-curves of genus g with p-rank s. Theorem 1.1 yields a description of H g,s when p = 2. shows that dim(H g,0 ) = g − 1 and [7, Thm. 4 .1] which states that H g is irreducible with dimension 2g − 1. We give another proof that H g is irreducible when p = 2 and determine all cases when A S g is irreducible.
Corollary 1.3. The configuration space A S g is irreducible in exactly the following cases: (i) p = 2;
(ii) g = 0 or g = (p − 1)/2; or (iii) p = 3 and g = 2, 3, 5.
To motivate these results, recall that the moduli space A g of principally polarized abelian varieties over k of dimension g can be stratified by p-rank. Let V g,s denote the stratum of abelian varieties with p-rank at most s. By [9, 1.6] , every component of V g,s has codimension g − s in A g . Given a subspace M of M g , one can ask whether the image T (M) of M under the Torelli morphism is in general position relative to the p-rank stratification. A necessary condition for an affirmative answer is that codim(T (M) ∩V g,s , T (M)) = g −s. This has been verified when Here is the outline of the paper. In Section 2, we describe the p-ranks of ArtinSchreier curves and the relationship between components and partitions. Section 3 contains the result about the dimension of components of A S g,s . One finds the proof of Theorem 1.1 in Section 3.4 and of Corollary 1.2 in Section 3.5.
In Section 4, we consider how the components of A S g,s fit together inside A S g . One can ask whether A S g,s−(p−1) is in the boundary of A S g,s . Informally speaking, the question is equivalent to whether an Artin-Schreier curve of genus g with p-rank s−(p−1) can be deformed to an Artin-Schreier curve of genus g with p-rank s. We give an affirmative answer in some cases (in particular, whenever p = 2) and a negative answer in others. Corollary 1.3 follows from these results. We conclude with some open questions.
Partitions and Artin-Schreier curves

Partitions
Fix a prime p > 0. For any integer d ≥ 1, let Ω d be the set of partitions of d + 2 into positive integers e 1 , e 2 , . . . with each e j ≡ 1 mod p. Let Ω d,r be the subset of Ω d consisting of partitions of length r + 1. If E ∈ Ω d , let r := r( E) be the integer so that E ∈ Ω d,r and write E = {e 1 , . . . , e r+1 }.
There is a natural partial ordering < on Ω d so that E < E ′ if E ′ is a refinement of E, in other words, if the entries of E ′ can be divided into disjoint subsets whose sums are in bijection with the entries of E. Using this partial ordering, one can construct a directed graph G d . The vertices of the graph correspond to the partitions E in Ω d . There is an edge from E to E ′ if and only if E < E ′ , E = E ′ , and there is no partition lying strictly in between them (i.e., if E < E ′′ < E ′ for some
An edge E < E ′ in the directed graph G d can be of two types. The first type has r( E) = r( E ′ ) − 1. In this case, one entry e of E splits into two entries e 1 and e 2 of E ′ so that e = e 1 + e 2 and none of the three is congruent to 1 modulo p. We summarize this by writing {e} → {e 1 , e 2 }. The second type has r( E) = r( E ′ ) − 2. In this case, one entry e of E splits into three entries e 1 , e 2 , e 3 of E ′ so that e = e 1 + e 2 + e 3 and e j ≡ (p + 1)/2 mod p. It follows that none of the four is congruent to 1 modulo p. We summarize this by writing {e} → {e 1 , e 2 , e 3 }. 
Any choice of r + 1 in this range yields a unique choice of b which determines a unique partition E.
Remark 2.6. When p = 2, every path in G d from the partition {d + 2} to the partition {2, . . . , 2} has the same length, which is g. When p = 3, every path in G d from a minimal to a maximal vertex has the same length, which is ⌊g/3⌋. This property is false in general for p ≥ 5.
Artin-Schreier curves
We recall basic Artin-Schreier theory. Let Y be an Artin-Schreier k-curve. Then there is a Z/p-cover φ : Y → P 1 k with an affine equation of the form y p − y = f (x) for some non-constant rational function f (x) ∈ k(x). At each ramification point, there is a filtration of the inertia group Z/p, called the filtration of higher ramification groups in the lower numbering [12, IV] .
Let {P 1 , . . . , P r+1 } be the set of poles of f (x) on the projective k-line P 1 k . Let d j be the order of the pole of f (x) at P j . One may assumer that p ∤ d j by ArtinSchreier theory. Then d j is the last index for which the higher ramification group above P j is nontrivial. Let e j = d j + 1. Then e j ≥ 2 and e j ≡ 1 mod p. Let D := ∑ 
Artin-Schreier covers
Let S be a k-scheme. An S-curve is a proper flat morphism Y → S whose geometric fibres are smooth connected curves. An Artin-Schreier curve Y over S is an S-curve for which there exists an (unspecified) inclusion ι : Z/p ֒→ Aut S (Y ) so that the quotient Y /ι(Z/p) is a ruled scheme. This means that there is an (unspecified) isomorphism between each geometric fibre of Y /ι(Z/p) and
S . In other words, it is an Artin-Schreier curve over S along with the data of a specified inclusion ι : Z/p ֒→ Aut S (Y ) and a specified isomorphism Y /ι(Z/p) ≃ P 1 S . Consider the following contravariant functors from the category of k-schemes to sets: first, A S g (resp. A S cov g ) which associates to S the set of isomorphism classes of Artin-Schreier curves (resp. covers) of genus g; second, A S g,s (resp. A S cov g,s ) which associates to S the set of isomorphism classes of Artin-Schreier curves (resp. covers) of genus g and p-rank s.
We will see that there is a natural morphism B from the set A S cov g (S) to a linear system |nP ∞ | S . By [6, Thm. 2.1 & pg. 1110], there is a fine moduli space representing the fibres of B and it is a direct limit of affine schemes. It is well known that A S g (S) is the image of A S cov g (S) under a forgetful morphism F.
One runs into the following difficulty in describing the fibres of B: if S = Spec(K) where K is a function field over k then K is not perfect; it follows that there are non-trivial Artin-Schreier covers over S which become trivial after a purely inseparable extension of S. In Proposition 3.6, we give a more explicit description of the fibres of B using a configuration space whose k-points are in bijection with k-points of the fibre.
With some abuse of notation, we let A S g and A S cov g denote the configuration spaces for the moduli spaces that represent the functors A S g and A S cov g and let A S g,s and A S cov g,s denote the p-rank strata of these configuration spaces.
The ramification divisor
Let P ∞ be the point at infinity on P 1 . For n ∈ Z ≥0 , consider the linear system |nP ∞ | on P 1 . Recall that a divisor D on P 1 is in |nP ∞ | if and only if D is effective and deg(D) = n. If D ∈ |nP ∞ | then, possibly after a finite extension of the base, one can write D = ∑ r+1 j=1 e j P j where ∑ r+1 j=1 e j = n and where {P 1 , . . ., P r+1 } is some set of distinct horizontal sections of P 1 . Let r(D) + 1 be the number of sections and let E(D) = {e 1 , . . . , e r+1 }. This yields a natural stratification |nP ∞ | E of |nP ∞ | by partitions E of n (where the sections {P 1 , . . . , P r+1 } can vary). Let |nP ∞ | ′ = ∪ E∈Ω n−2 |nP ∞ | E (i.e., all divisors for which each e j ≡ 1 mod p).
Proof. Let ∆ denote the weak diagonal of (P 1 ) r+1 , consisting of (r + 1)-tuples with at least two coordinates equal. Let H ⊂ S r+1 be the subgroup generated by all transpositions ( j 1 , j 2 ) for which e j 1 = e j 2 . Consider the quotient of (P 1 ) r+1 −∆ by the permutation action of H. There is an isomorphism
j+1 e j P j to the equivalence class of (P 1 , . . . , P r+1 ). Thus |(d + 2)P ∞ | E is irreducible with dimension r + 1.
Proposition 3.2. There is a surjective morphism B
Proof. Consider an Artin-Schreier cover φ : Y → P 1 . By [8, 6.3.3] , the ramifi-
For the rest of the proof, one can reduce to the case that φ and D are defined over an irreducible affine scheme S, and then work over the generic geometric point of S. Then D = ∑ r+1 j=1 e j P j where ∑ r+1 j=1 e j = d + 2 and where {P 1 , . . . , P r+1 } is some set of distinct points of P 1 . Let d j = e j − 1. By [12, IV, Prop. 4], {P 1 , . . . , P r+1 } constitutes the branch locus of φ and d j is the last index for which the higher ramification group of φ above the generic geometric point of P j is nontrivial. Thus
Over the generic geometric point of S, one has D = ∑ r+1 j+1 e j P j for some set {P 1 , . . .P r+1 } of distinct points of P 1 . Consider the divisor D ′ = ∑ It is clear that T and B preserve the partition E. Let T E : A S cov g, E → A S g, E and B E : A S cov g, E → |(d + 2)P ∞ | E denote the natural restrictions.
The fibres of B
We now study the fibre of B over a fixed k-point of |(d + 2)P ∞ | E . We construct a configuration space for the fibre in order to find the irreducible components of A S cov g,s and compute their dimensions. Let S be an irreducible affine k-scheme.
The method involves finding a standard form for an Artin-Schreier cover φ over S. O S ′′ (x) for φ × S S ′′ is unique up to multiplication by z ∈ µ p−1 .
Notation 3.5. Let D = ∑
r+1 j=1 e j P j where {P 1 , . . ., P r+1 } is a set of distinct points of
Then z ∈ µ p−1 acts on C j via multiplication on each component. Let H ⊂ S r+1 be the subgroup of the symmetric group generated by all transpositions ( j 1 , j 2 ) for which 
Proposition 3.6. With notation as in 3.5, then M D is a configuration space for
A S cov g,D in the following sense: (i) There is a functorial morphism T : Hom(S, M D ) → A S cov g,D (S); (ii) If φ S ∈ A S cov g,D (S) then there is a uniquely determined finite morphism S ′′ → S and a unique morphism h : S ′′ → M D such that T (h) ≃ φ S × S S ′′ in
A S cov g,D (S ′′ ); (iii) The morphism T induces a bijection between M D (k) and A S cov g,D (k).
,p∤i c i, j x i . Then g j (x) has a pole at P j of order d j over every geometric point of S since c d j , j is never zero.
Let f (x) = ∑ 
suppose that p does not divide the exponent of any monomial occurring in g j (x) since f (x) is in standard form.
The degree of g j (x) is d j . For 1 ≤ j ≤ r + 1 and (φ, η) . The existence of h implies T is surjective on k-points, and the uniqueness implies T is injective on k-points.
Irreducible components of A S g,s
Recall that g = d(p − 1)/2 with d ≥ 1 and s = r(p − 1) with 0 ≤ s ≤ g. 
Hyperelliptic curves in characteristic 2
Let H g,s denote the strata of H g parametrizing hyperelliptic curves of genus g with p-rank s. If p = 2, then H g,s = A S g,s . This yields the following result. 
Deformation results and open questions 4.1 Increasing the p-rank via deformation
In some cases, we can determine how the irreducible components of A S g,s fit together within A S g . Let Γ 1 be an irreducible component of A S g,s 1 and let Γ 2 be an irreducible component of A S g,s 2 . Let E 1 and E 2 be the corresponding partitions.
) and consider an Artin-Schreier cover φ S so that the generic fibre yields a k((t))-point of Γ 1 and the special fibre yields a k-point of Γ 2 . This is only possible if the branch points of φ S coalesce when t = 0. Since B(φ S ) is a relative Cartier divisor of constant degree, the entries of the partition sum together under specialization and the partition decreases in size. The next lemma shows that the condition E 1 < E 2 is frequently not sufficient for Γ 1 to be in the boundary of Γ 2 when p ≥ 5. For a ∈ N, let a denote the residue of a modulo p so that 0 ≤ a < p. (ii) In all other cases, dim(
Proof. The comparison of dim(Γ 1 ) and dim(Γ 2 ) follows from a computation based on Theorem 1.1(ii). If dim(Γ 1 ) = dim(Γ 2 ), then Γ 1 is not in the boundary of Γ 2 since A S g is separated.
It is sometimes possible to show that Γ 1 is in the boundary of Γ 2 . For example, [8, Thm. 6.5.1] implies that Γ 1 is in the boundary of Γ 2 for an edge of the form {2p − ℓ + 1} → {p, p − ℓ + 1} as long as ℓ | (p − 1). Here is another result along these lines. 
At the special fibre, when t = 0, thenφ 0 ≃φ • . On the generic fibre, when t = 0, thenφ t is branched above x = 0 and above x − t = 0. Also (x − t) a 2 (p−1) is a unit when x = 0 and x a 1 (p−1) is a unit when x − t = 0. The coverφ t is ramified above x with pole of order pa 1 − 1 and above x − t with pole of order pa 2 − 1. Thus the equation generically has partition {e 1 , e 2 }. 
It yields a coverφ t :Ỹ t → Spec(k[[t, x]]).
ThenỸ t is normal since the partial derivative of the equation with respect to x is nonzero. Alsoφ t has an automorphism σ of order p given by σ(x) = x and σ(ỹ) =ỹ/(1 +ỹ(x +t)). The isomorphism between φ t andφ t over Spec(k((x))[[t]]) is given by x = 1/x andỹ = x/(y(1 + xt)).
We now switch back to the equation y 3 − y = f (x) where f (x) = x 4 /(1 + xt) 3 . On the generic fibre, when t = 0, then f (x) has poles at x = ∞ (where x = 0) and at x = −1/t. Writing f (x) = x/(t + 1/x) 3 , we see that the pole at x = ∞ has order 1. For the pole at x = −1/t, we write f (x) = (x + 1/t) −3 t −7 − (x + 1/t)
This is not in standard form because of the term (x + 1/t) −3 . After an inseparable extension t 3 1 = t, the standard form of the equation is f (x) = (x + 1/t This has a pole of order 2 at x = −1/t 3 1 . In summary, f (x) has poles of order 1 and 2 over the generic fibre. Thusφ t is an Artin-Schreier cover with partition {5} when t = 0 and partition {2, 3} when t = 0. When p >> d, the Newton polygon occurring for the generic point of A S g, E is found in [13] . Its limit as p → ∞ has slopes 0 and 1 occurring with multiplicity r(p −1) and slopes { 
Open questions
